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Abstract 

Superintegrable Hamiltonian systems describing the interactions 
among three point masses on a line have been described in [2]. Here, 
we show examples of how the approach of above can be extended to a 
higher number of particles on a line and on higher dimensional mani- 
folds. This paper is a slightly extended version of a poster presented 
at the XVI ICMP held in Prague, 3-8 August 2009. 



A class of superintegrable three-body systems on the line (a short 
summary of [2]). Natural Hamiltonian three-body (mass points) systems on 
a line, with positions x l and momenta Pi can naturally be interpreted as 
one point system in the three-dimensional Euclidean space with Cartesian 
coordinates and momenta (x l , Pi). The masses of the points can be considered 
unitary, the case of different positive masses being always reducible to the 
former [2]. Let X{ = x % — x l+1 , to = (1, 1, 1) and let (r,ip,z) be cylindrical 
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coordinates of axis parallel to to. The Hamiltonians with scalar potentials of 
the form 



admit the four independent quadratic first integrals 

H z = \ (rp z - zp r ) 2 + Z —E x . 
2 r z 

The first three first integrals allow integration of the Hamilton- Jacobi equa- 
tion by separation of variables and determine the radial motion common to 
any choice of F. Examples are Calogero and Wolfes potentials 

\ k{ k \ hi h 

V ° = 2^Y2 = 7 • o ,N2' Vw = 1^ 



i= i X 'i (rsin3^) 2 ' j~( (X { - X i+1 f (rcos3^) 2 ' 

with (h, hi, k, ki G R). Remarkably, a rotation of angle a — | around the axis 
f2 of the cylindrical coordinates, i.e. a phase shift ip — > ip + a, makes the 
separated equations for Vc, a two-body interaction, and Vw, a three-body 
interaction, to coincide. Therefore, by reading the potentials as functions of 
Xi, the corresponding interactions among points on the line can be consid- 
ered as equivalent. Potentials as Vc and Vw admit a further independent 
cubic first integral making them maximally superintegrable. In general, any 
potential of the form V = [ r S in(2n+i)^] 2 seems to admit the fifth first integral 

A 2 ^ 1 4 ( 2A: \ n ~ u d l { C os{2n + l)j,) , , 
r2n+1_i \sm 2 (2n + 1)V> J df PrP ^ 

with I — 2a + 1 — i and 

A i _ (-l) 2n ^ fin + i\ f[(2n + 1 - i)/2] 



(2n + l)^+ 1 ~ i V * / V[( 2cr + 1 - 0/2] 

where (g) = ^z^i denotes the Newton binomial symbol and [a] the greatest 
integer < a. 
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n points on a line Any homogeneous function of degree -2 in Xj = x % 
x i+1 , i = l..n — 1, can be written in the form 

1 / X 2 X n _l \ 1 



< 2 > l/ =xF F U"-^rJ = ^* w ' 1 '""^ 2) ' 

and viceversa, where tan^j = and (r n _i, ^l, • • • , ^n-2,u) are spherical- 
cylindrical coordinates in i? n . 

Proof. Let (V) coordinates in i? n defined by 
1 



2- 
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, =(x 1 + x 2 + . . . + X J — 7X ;?+ ) 7 = 1 ... n — 1 

z" = ^(x 1 + ... + x ri ), 



"n 

they are Cartesian coordinates equioriented with (x l ). It follows 



2- 



^ 1 + 2- + . . . + j— 



Z 1 + 1) ' X L — X^ X L — X 

Therefore 

1 /vf^ ^A-'*( Z ' 2 ^ 



X? V^i''"' *i / (z 1 ) 2 V'""' z 1 
Moreover, 



[z 1 ) 2 + ... + (z n - 1 ) 2 = (z 1 ) 2 I 1 + I - I + . . . + 



z z \ ( z n 1 



z 1 J \ z 1 

It is evident that any homogeneous function of degree -2 in Xj can be written 
as the central term of (j2J) and that both expressions in §2§ are homogeneous 
of degree -2 in Xj. Zeros of (Xj) are obviously not considered here, corre- 
sponding to collision configurations of the particles. 

□ 

Natural systems on E n with potential of the form (j2J) can be interpreted as 
natural systems of n points on a line. Phase shifts ipi — > ipi + oti, < ctj < n, 
determine equivalence classes of interactions on the line as seen in dimension 
three. 
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Evans systems embedded in dimension 4 All superintegrable poten- 
tials with at least four quadratic first integrals in E 3 are listed in [1]; those 
in the form (T5]) are, up to isometries, 



Vi 



(p sin ip 2 ) 



k 



(p cos ip 2 ) 



+ 



(p sin ip 2 ) 



r, V 3 



k COS -02 + -^(^1 

(psin ip 2 ) 2 



with p 2 = x 2 + y 2 + z 2 . Some other particular cases are possible, but no 
undetermined functions are then included; for example 



k + 



(cos tp 2 ) 



+ 



1 



^sin ijj 2 ) 2 



[cos ipi 



+ 



sin^i 



All the potentials of above, trivially extended in dimension four by adding 
to the three-dimensional Hamiltonian H, admit six independent quadratic 
first integrals in E 4 ". the new Hamiltonian p?^ + H, 



(sin^ 2 ) 



the three other "old" first integrals of H and 

1 



u 



Aup p -pp u ) + Z ^H 1 . 
2 p 1 



It is always possible to write the functions of above in term of distances 
between four points on a line; again, phase shifts in ipi determine equivalence 
classes of interactions on the line. Then, for n = 4, it is determined a class 
of superintegrable four-body systems on the line with 2n — 2 quadratic first 
integrals. 



Many-body systems in higher-dimensional manifolds The approach 
of above can be easily generalized to systems of n points in m-dimensional 
Euclidean spaces. Let (q z r ,p^) denote the i-th canonical euclidean coordinates 
of the r-th of n points in a m dimensional Euclidean space. If we require 
that the total momentum of the system is a constant of the motion, then, 
the Hamiltonian depend on the differences of the configuration coordinates 
of the points only: H = H (p r , (g* —(?*)). 
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The previous Hamiltonian system can be interpreted as a single point 
Hamiltonian in a m ■ n dimensional Euclidean space by introducing canonical 
cartesian coordinates (yi,x l ) by 

y m (r-i)+i = pi, x m(r ~ 1)+t _ q * ; r = 1, . . . , n, i = 1, . . . , m. 

Hence, the m ■ n dimensional Hamiltonian is H — ^j^y] + V(x 3 ') The 
Constance of the total momentum is equivalent to the existence of the m first 
integrals E™ =1 p£, (i = 1, . . . , m), that, in (y, x), is equivalent to the invariance 
of H with respect to the m vectors cjj of components 

ul = 5l. m+i) r = l,...,n, 

where 5 is the Kroenecker symbol. For example, m = 2, n = 3 corresponds 
to three points in an Euclidean plane M and in cartesian coordinates (y^, x l ), 
i = 1, . . . , 6, we have 

wi = (1,0,1,0,1,0), cu 2 = (0,1,0,1,0,1). 

By imposing invariance with respect to the two vectors 

u 3 = (1, 0, -1, 0, 0, 0), u 4 = (0, 1, 0, -1, 0, 0), 

a two-dimensional plane in i? 6 is determined. Here, a potential of the form 
(PQ) can be introduced. The natural Hamiltonian is 

H = \{p\ + v\ + Pi + Vl + Pr) + \h x , 
2 r z 

in Cylindrical coordinates (r,ip,Ui) with "axis" generated by the and 
its nine independent quadratic first integrals are: Hi = \p\ + F(ip), 

1 u 2 
H = pi H[ = ~(r Pi - UiPrf + -±H X , % = 1, • • • , 4. 

The potential V in the original plane M assumes the form 
where X x = x 1 + x 3 — 2x 5 , X 2 = x 2 + x 4 — 2x 6 . 
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Conclusion and further readings In this paper we show just some par- 
tial results of a study in progress. Detailed references can be found in [2]. 
Recent papers about the arguments considered here, or very cose to, are j3] 
and [I]. 
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